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Differential Graded Algebras I

Goal : In broad strokes
,
an algebraic topologist wants to understand the

algebraic structures that are hidden inside of various topological
manifolds for spaces) . Over the next two weeks , we will try to

understand these two maps of sets :

{ Legend rian knots }→ { Chekanov - Elias hberg algebra}→ {
'↳endrin
contact homology}

The next goal will be to understand whether these sets have algebraic structure
that is seen by the set maps .

Note : The middle set in the above diagram has a large amount of algebraic
structure

.

It's an example of a differential graded algebra (abbr
. DGA ) .

We'll start by understanding a simpler example of a DGA ,
which is

the DGA of differential forms on an open
subset UCIR?

Analogy : This DGA of differential forms fits into a diagram like the one above :

{ open subsets U ≤ 1123 } → { differential forms } → { deRham cohomology of U} .
For algebraic topologists , this diagram is a rich source of ideas

.

We'll only
scratch the surface before moving on

to the diagram at the top of the page.
Example : The differential one - form ✗ = dz - ydx on 1133 restricts to

a differential one - form on any open subset U C- IR? We assert that

✗
= dz - ydx is a diff

. one- form on U by writing ✗ c-RYU ) .
Notation : CTU ) is the ring of all smooth real-valued functions U→ IR

.

First structure: R' IU) is a module over the ring CTU) .
• differential one - forms can be added to

give another differential one form

e. g. dx c- R' (U) and dy c-RYU) ⇒ dx-idyc-R.lu) .
• a diff

. one form can be multiplied by a smooth function to give a cliff . 1- form .

e.g.dz c- R' (U) and f- (× ,y,z) = ✗ ◦

y
• 2- c- CTU) ⇒ f.dz = ✗yzdzEllul .

• addition of forms has an obvious inverse operation .

• multiplication Ifunction/ • (1- form ) distributes over addition .

• the unit in CTU) is the constant function 1
,
and 1.B =p ftp.ERYUI .



Second structure : differential forms are graded by degree .

Recall : The module of differential forms of degree K has

rank = ( k ) = ( k ) . A basis will be given shortly .
• differential zero - forms have rank 1301--1 . As a set

,
RYU) - CHUI

:

• differential three- forms have rank (3) = 1
• Combine all these modules into a single graded module over
CTU) given by T.lu) =ÑW⊕ÑM⊕r4u) ④RYU) .

• Every element of situ ) can be written as a sum of homogeneous terms ,

having a single degree .
Definition : A sub - module N of situ) is called a graded sub - module if

N has a grading that satisfies Nj = N n Ritu ) .

Third structure: wedge product makes .R•(U) into a graded algebra .
• Wedge product is a kind of multiplication Ritu) ✗ rhlu)#HUI
that makes situ ) into an algebra over the ring CTU) .

• The wedge product is associative and bilinear : dznlfdxtgdy) =
= fdzndx + gdz^dy .

• It is also true that hlxnp) = thx)^p = ✗ ^ (hp) for any
✗ c- (U)

, perk (a) and
any

he Glut .
• Wedge product respects the grading in the sense that rink → r"!
• This multiplication is gradedcommutative , meaning that /xp = C- 1)

"

pnx .
/

Example : For one
- forms dx c- R' (U) and dzc-r.LU) the graded commutativity

rule says dxndz = _ dzrdx
.

Question to ponder : Do you understand how the algebra structure interacts with
the previous two structures ?

Fourth structure : T.LU) is a (a) chain complex
Recall : There is a map

D: RYU) →Rk
"

tut called the exteriorde-iuat.ve
that satisfies d2 = dod = 0 : stfu) → Rk" (a)

.

This map is also called the deRhamdiff-eent.at or the coboundary operator.



Notation : For Uc 1123
,
let ☒ (U ) denote the set of all smooth

vector fields defined on U
.

Note : For UÉTR land for only 3D
-

space) ,
it's possible to compute the

exterior derivative of forms using the following commutative diagram .

He ) CTU) 9rad * IU) .

curl
→ * (U ) dir

> CTU)

identity
± ⑤

i

≤ ⑤
a

± ⑤
3

✓ V u v

real d
> n' Iu)

d
eine)

ᵈ
>situ)

.

Write a vector field É c- Flu) as a triple ( Ei
,
Ez
,
Es ) of smooth functions on

U
. Then define isomorphisms
OI.IE ,

,
Ez

,
Es ) = E. dx + Eady + Esdz

El Ei
,
Ez

,
Es ) = E , dy adz + Ez dz^dx + Esdxrdy , and

$
}
1h1 = hdxndy ^ dz for he CTU )

.

The inverse maps should be obvious
.

Example:( of commutativity of the first square) For Fe CTU ),
grad (f) = 1¥ ,

¥
,
¥1 and $ ,

/grad 1ft) = dx -1¥ dy -1 dz =D / idHD
.

Note : A (co ) chain complex is the algebraic structure needed to compute
(a) homology . If you do this for the example JIM , you get H.deRaam IU) .

Motivating Question : What is the algebraic structure of Harket ?
This question could be viewed in two ways :
• What is the least amount of algebraic structure needed to start doing computations?
• Whatmore can tseadded to discern interesting topological properties of U ?
The same can be asked about LCH of knots

.

Note : Before taking any homology ,
we want to think about how the fourth structure

interacts with the previous three .
• The exterior derivative is additive : dl ✗ + g) =D /✗ I + dfs ) .
• For f- c- CHUI , dlfndxl

= dxndx + ¥ydy^dx + ¥ dzndx .



Leibniz rule ↓(homogeneous)
• For

any

[
differential forms Teri and zc-l.MU/,/dHnzl=dXnz+tDikdz./

• The map d is said to have degree 1 because D: RYU) →&" / U )
.

Gather

together all of the cochain maps into a single map dirt out →IN .
In this

context
,

d is called a graded module morphism of degree 1 .

Proposition : The kernel and the image of d are each graded submodules of TCU)
.

Example : We can use all the work we've done so far to conclude that SEIU) is

an example of a differential graded algebra over the ring CTU) .

Definition : A differential graded algebra over a commutative unital ring is a graded
module over R

,
with a compatible algebra structure and a Kol chain complex

structure that satisfies the Leibniz rule
.

Hint : How do
you remember the sign convention for the two rules that are

boxed in red boxes ? Any time
you move an object of degree j past an

object of degree K
,
it costs j•k negative ones . This works for d

,
an object

of degree 1 .
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DGA's 1: Homology
Recall:Adifferential graded algebra over a commutative unital ring R is a

graded module over R with a compatible algebra structure and a bad chain complex
structure that satisfies the Leibnizrule. () and An one examples of DGAs.

Note:Today we are going to compute homology of a DGA, but initially we won'tneed

the algebra structure.You can compute the homology of any colchain complex.
Definition: Given a chain complex (possibly infinite in length) of modules,

& a &

-C.2,(2((
...,

note that kerldi)C; and

imageld;c. The kit homology is the quotient module Aa-herldrl/image (drail.
Remark:If you

startwith a cochain complex, and you compute the relevant

kernel/image, then you are computing cohomology, for LCH we use homology.
Example: Now let's compute (CH assuming that we are given the DGA.

So take for granted thatthe Chekanow-Eliashberg DGA associated with the

Legendrian unknot-has as achain complex 1,5771
- [(a)

degree O I

and all the modules in the other degrees vanish.
(Note that rIF(r)) ==15-9) =0 => 1t) =0 and for a =a
the only crossing, rot(er) = y -> (a)

=2(a) - =3.)
The Ichain complex) differential map is 0(a) =A + t" =E
Now we can compute (linearized) LCH from the definition above.

H.(1) =kernel()(a) -(x,*)/image (0 ->(a)) =0
=

rak 0.

Ho(1) =kernel),=0)/image(0) =(4,t((x) =I(t) =rank after linearizing.
All other modules Am, Hu, etc. one trivial.

Note:Since we are working with modules, all ofthese her limage computations can

be done using matrices. The paper "Persistent Homology -

a survey"explains this

quite well. Let's do another example using matrices.

Example:We will compute the (linearized) LCH for the Legendrian knotmirror (52).



Again we will take the DGAfor granted. Since this knotis

more complicated, we'll use Rm=TIA as the ring of coefficients.
This makes every module into a 72-vector space. The DGA

chain complex is -
0 20 Inash,0.0. Zuhan, as,aah"Rahan,an,9,and Zebastio

Degree:
- 2

-

I 0 I 2

The chain complex differentials, after doing "linearization"are given by
0.(ai) =a +aas +aas

0,(az) =aa +as +as and 0.(ai) = 0 for all is 4aq

-0 (as) =a8 +A7 A 98 A7 ·

-

any degree.
0.(au) =aa +90 +aas
Now we can write the map d, as a matrixd.: (Xa"-(Ie)
with ordered bases given above

As Az A3 au

as I 0 I ⑧-
-

98 I 0 0 I I I -2. t. I I I Ias 10 I 1 I

Since the firstpartof the ref matrixis the 3x3 identity, we can take

a basis for imageld) to be San, 9a, as +993 using the original ordering.
Butevery vector space

is a free module! So really we only have to keep track
of rk(d) = 3 and nullity(0.)=1. Recall all other On+1=0. So we have

Ho = kerlod/image (d.)** (T2)
lityloo-rmco

= 0.

H, =kerldi)/image (02) =(z)
nullity(0) -conl

= (Xa).
H.=0 because her (0-1) =0.

12 =kerldr)/image (0) =(as)/0 = R-Las) = (Te).
H - z =ker(0-2)/image(0-1) =(907/0 = ReLas) =(Xz).
Auseful shorthand for all this information is the Poincare-Chekanov polynomial
P(x) =2dim(Hi).x" =3x +3x +3x2.



Remark: We did a lotofalgebra today involving the (An, d) boundary
maps. We still need to explain the geometry behind this boundary map.

Preview: After you understand how to compute LCH, we will add an extra

complication by doing persistenthomology. What does the adjective
persistentmean? We want this algebraic computation (LCA) to somehow

capture which topological features "persist"as we slowly build up
the manifold 1. To do this, we need to "chop up"1 into a

filtered manifold, one e for
every CEIRsatisfying

...
- 12 -1 += 10 =10.slo. = 10.5-111sr....

Then we will need to improve the diagram from lasttime.

E Persistentseee .ane E LCH 3
One could aski algebra multiplication->???
The algebraic structure thatwe need for the middle sat
is (probably) a persistence module together with Ct. DGAstructure.
I'll explain persistence modules nextweek.


