Trisections and the Thom Conjecture

UCLA Topology Seminar*
Fall 2018

Abstract

These are notes taken during a series of four lectures on trisections in the UCLA topology seminar.
Trisections of 4-manifolds are introduced, followed by bridge trisections of surfaces in 4-manifolds. Lambert-
Cole’s trisections proof of the Thom conjecture is outlined in the third and fourth lectures.

Introduction

The genus of a smooth algebraic curve C, of positive degree d in CP? is well known to be given by
1
9(C) = 5(d—1)(d~2).

The Thom conjecture says that among all smoothly embedded surfaces in CP? the algebraic curves are in fact
genus-minimizing in their respective homology classes.

Theorem 0.1 ([KM94]). Let K be a smoothly embedded, oriented, connected surface in CP? of positive degree d. Then
9(K) = (d=1)(d = 2)/2.

The first proof of this result was provided by Kronheimer and Mrowka in [KM94], and is relatively short.
The technical difficulty of this proof is nontrivial, however, since it makes use of the Seiberg-Witten invariants
of 4-manifolds. In July of this year, Peter Lambert-Cole provided the first proof to avoid gauge theory or
pseudoholomorphic curve techniques by using Gay and Kirby’s trisections of 4-manifolds to reduce the Thom
conjecture to the ribbon-Bennequin inequality. This is a contact-topological inequality that, according to
Rudolph ([Rud93]), is equivalent to the local Thom conjecture. As with the Thom conjecture, the local Thom
conjecture was first established using gauge theory, but in [Ras10], Rasmussen provides a combinatorial
proof using Khovanov homology. By reducing to the local Thom conjecture, Lambert-Cole’s proof provides
a path to the Thom conjecture that avoids gauge theory or pseudoholomorphic curves.

These notes come from a series of talks in the UCLA topology seminar based on [GK16],[MZ17a], and
[LC18]. The goal of these four talks was to quickly establish the necessary background in trisections and
then to understand Lambert-Cole’s new proof. The talks were organized by Sucharit Sarkar and given by
Ikshu Neithalath, myself, Dave Boozer, and Mike Miller. Any errors in content or faults in exposition are my
own. In particular, I've written these notes as someone learning the material rather than as an expert. The
three main references are all excellent papers, written with greater detail and authority than can be found in
these notes.

1 Trisections of 4-manifolds

The goal of this talk, given by Ikshu Neithalath, was to introduce trisections of 4-manifolds and the corre-
sponding existence and uniqueness statements. Because of our later interest in the Thom conjecture, special
attention was given to a trisection of CP?. The primary reference was [GK16].

*Notes by Austin Christian.
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Figure 1: The a- and §-curves give the standard genus g Heegaard splitting of Y. Adding the rest of the
~-curves would produce a trisection diagram. Adapted from [GK16] with permission.

1.1 Introduction

Notation. For any k£ > 1 we write Z; = £*(S! x B?) for the standard genus k 1-handlebody and Y}, =
1k (St x B?) for the standard genus k handlebody. For g > k we denote by

Y = Ylj,g UYy,

the standard genus g Heegaard splitting of ;.. Here Y,;“g is a surface of genus k with one boundary component
and Y, is a surface of genus (g — k) with one boundary component. See Figure 1.

Definition. Let X be a closed, connected, orientable 4-manifold. Given integers 0 < k < g, a (g, k)-trisection
of X is a decomposition X = X; U X» U X3 such that:

1. for each i there is a diffeomorphism ¢;: X; — Zj, for some k;
2. for each i we have ¢;(X; N X;11) = Y,:iq and ¢;(X; N X,;_4) = Yo with indices counted modulo 3.

Note. If X admits a (g, k)-trisection, then x(X) = 2 + g — 3k, so for a fixed 4-manifold X the genus of a
trisection determines its complexity. We also see that all trisections of X have the same genus, modulo 3.

A (g, k) trisection provides us with three handlebodies H; = X;_1 N X1 and a single central surface
¥ = X1 N X2 N X3. We call the union H; U Hy U Hs the spine of the trisection and notice that each of these
handlebodies can be represented by a cut system on ¥. Moreover, the spine determines the trisection. As
with Heegaard splittings, this allows us a diagrammatic representation of trisections.

Definition. A (g, k)-trisection diagram is a 4-tuple (3, «, 8,7) consisting of a genus ¢ surface ¥ and cut
systems «, 3, and v such that (X, o, 8), (2, @, ), and (%, 3,v) are Heegaard diagrams for Y7 := H3 U —Hy,
Yy := HiU—Hs,and Y3 := Hy U —Hj, respectivelyl.

The beginning of a trisection diagram can be seen in Figure 1. We can insist that (X, «, 3) be the standard
genus g Heegaard diagram of 1*(S! x B?), so that the a- and -curves are in the positions seen in Figure 1.
In this case the g y-curves will determine the third handlebody and thus X.

Theorem 1.1 ([GK16, Theorem 4]). Every closed, connected, oriented 4-manifold X has a (g, k)-trisection for some
0 < k < g. Furthermore, g and k are such that X has a handlebody decomposition with 1 0-handle, k 1-handles, (g — k)
2-handles, k 3-handles, and 1 4-handle.

Before stating the uniqueness theorem for trisections we must introduce the notion of stabilization. This
operation replaces a trisection X = X; U X» U X3 with a new decomposition X = X| U X} U X4. We could
explain how to do this in terms of the trisection (see [GK16, Definition 8]), but it is perhaps easier to define
stabilization by its effect on trisection diagrams.

IThese should not be confused with Y, = *(S! x B?), a notation we will now abandon.



Figure 2: The genus 3 trisection diagram of S*, adapted from [GK16] with permission.

Definition. We stabilize a trisection diagram (X, «, 5,7) by taking the connected sum with the standard
(3, 1)-trisection diagram (3o, a, S0, v0) of S*, which is depicted in Figure 2. The result is a trisection diagram
(2#207 ay Q, 5 U 5077 ) 70)

The effect of stabilization is to increase the genus by 3, and therefore increase & by 1. But, appropriately,
stabilization of a trisection diagram will not change the resulting space X.

Lemma 1.2 ((GK16, Lemma 10]). If (¥, «, 8, ) is a (g, k)-trisection diagram for X, then the (g+ 3, k + 1)-trisection
diagram obtained by stabilization also corresponds to X.

Theorem 1.3 ([GK16, Theorem 11]). For two trisections of X, after stabilizing each some number of times, there is a
diffeomorphism h: X = X carrying one trisection to the other which is isotopic to the identity.

1.2 Examples of trisections

Example 1. The (0,0)-trisection diagram of S* consists of a sphere S? with no cut systems. We can realize
this directly as a trisection of S* as follows: endow R® = R? x R? with a coordinate system (r, 0, 1, z2, x3),
where (r, 0) is the usual polar coordinate system on R?. Then

S = {(r,0,21, 03, 30) |1 + a3 + 73 + oF = 1},

We have a projection p: S* — D? C R? given by truncating the last three coordinates, and we may divide D?
into three equal sectors as

Ry ={(r,0)|0<r<1,0<0<2r/3}
Ry = {(r,0)]0 <r <1,21/3 <0 < 4r/3}
Ry ={(r,0)[0 <r <1,47/3 <60 < 2r}.

This subdivision lifts to S by setting X; = p~!(R;), so that
X; ={(r,0, 21, 20, 23)|7* + 23 + 23 + 23 =1,2(i — 1)n/3 < 0 < 2in/3} ~ B™.
The pairwise intersections are then H; ~ Hy ~ H3 ~ B3, and the triple intersection is
Y= X1 NXoN X3 = {(0,0,21,x0,x3) |2} + 23 + 22 =1} ~ 52

So we have a (0, 0)-trisection of S*.

Example 2. Since our goal is a discussion of the Thom conjecture, the 4-manifold in which we will be most
interested is CP?. In [LC18], Lambert-Cole constructs a genus 1 trisection for CP* using the moment map
p: CP? — R? of a Hamiltonian action. The moment map is given by

o 20 a]) = (2 =),

|z1] + [22| + |23] " |21] 4 |22] + | 23]
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(a) Barycentric subdivision of the simplex. (b) The torus X in z; z2-coordinates, with z3 = 1.

Figure 3: The genus 1 trisection of CP?.

and its image is the convex hull of (0,0), (1,0), and (0,1). Now consider the barycentric subdivision of
1(CP?). This divides ;(CP?) into three quadrilaterals with a common vertex (1/3,1/3), and the pairwise
intersections of these regions are line segments connecting (1/3,1/3) to the faces of ;(CP?). See Figure 3a.

We may use 4 to pull this subdivision of the simplex back to a trisection of CP?. We define X; := = (R;),
with Ry, R, R3 as labeled in Figure 3a. Some simple algebra shows that

X1 =A{[z1: 221 23] : [23], |21] < [22f},
Xo ={[z1: 22 23] : 22|, |23] < |21}y
X3 ={[z1:22: 23] : |21], |22] < 25|}

Taking pairwise intersections produces

Hy ={[z1: 22 : 23] : |21] = |z3] > |22|},
Hy = {[z1: 22 : 23] : |22] = |z3] > |21]},
Hs ={[z1: 22 : 23] : |21] = |22| > |23]}-

Finally we have the triple intersection
Y= X1 ﬂXQ de = {[Zl L Z9 23] : |21| = ‘22| = |Z3|}

Notice that we can’t have z3 = 0 in %, lest all three coordinates vanish, so we scale the projective coordinates
to write
Y ={[z1 1 22 1 U)f|21]| = |22] = 1},

making it clear that 3 is a torus. We may similarly write
Hy={[z1:20:1]:|z1] =1> |2} ~S' x D?* and Hy = {[z1:20:1] :|2a| = 1> |21]} ~ D* x S*.

Notice that z; parametrizes the core circle of H;, and z, parametrizes that of H,. Projecting these circles to
¥ gives the attaching curves o and 3 necessary to reconstruct 1, and Hj, respectively. We may similarly
identify the core circle z; = 2, of H3, producing an attaching curve « in X. See Figure 3b.

We conclude that X = X; U Xy U X3 gives us a (1, 0)-trisection of CP?, and in Figure 3b we have a
(1, 0)-trisection diagram. This diagram will be useful to us in later talks.

1.3 Proof sketch for the existence statement

Ikshu concluded his talk by sketching the proof of Theorem 1.1 found in [GK16, Section 3]. I won't attempt
to reproduce the sketch here, but will simply say that Gay and Kirby begin by finding a Morse 2-function



G: X* — R? whose fold locus takes on a desired form. They then perform a number of Cerf moves to
produce a new Morse 2-function which lifts the natural trisection of R? to a trisection of X. In Section 4 of
[GK16] Gay and Kirby give an alternate proof of Theorem 1.1 which uses ordinary Morse functions. Meier
and Zupan build on this alternate proof when proving their existence result in [MZ17a].

2 Bridge trisections of knotted surfaces

I gave the second talk, based on [MZ17a]. The goal of this talk was to introduce the notion of bridge position
for a knotted surface in a trisected 4-manifold and to get an idea of how to work with the resulting shadow
diagrams.

2.1 Motivation

Last week we introduced trisections, which in many ways are to 4-manifolds what Heegaard diagrams are
to 3-manifolds. This week we want to begin thinking about knotted surfaces in 4-manifolds, and we will
attempt to continue our analogy.

In particular, consider a knot K in a 3-manifold Y. Given any Heegaard splitting of Y we may isotope
K so that its intersection with each handlebody in the Heegaard splitting is a collection of unknotted arcs.
We call such a decomposition of K a bridge splitting and say that K is in bridge position with respect to the
Heegaard splitting. This idea has been especially fruitful when studying knots in S3, where the bridge number
of a knot is defined to be the smallest number of arcs in any bridge splitting of K with respect to the genus 0
Heegaard splitting of S°.

Today we want to consider the extent to which these ideas can be generalized to 4-manifolds. Given a
trisection 7 of a 4-manifold X, we will define what it means to put a knotted surface X C X into bridge
position with respect to 7 and then describe a diagrammatic setup for bridge trisections.

2.2 Generalized bridge trisections

Recall that a trisection of a closed 4-manifold X partitions X into three 4-manifolds which intersect pairwise
in handlebodies, and these three handlebodies meet along a central surface:

Definition. A (g; k1, k2, ks)-trisection T of a closed 4-manifold X is a decomposition X = X; U Xo U X3,
where

1. X; is a 1-handlebody, i.e. X; = i (St x B?);
2. H; = X;_1N X;41 is a handlebody, i.e. H; = 19(S* x D?), for each i;
3. ¥ = X1 NXyN X3 is aclosed surface of genus g.

We call H; U Hy U Hj the spine of T and we say that 7 is a (g, k)-trisection if k = k; for each 1.

Using a trisection to cut up our ambient manifold will also divide an embedded surface K C X into
smaller pieces. As was the case with knots in a 3-manifold, we expect these pieces to be relatively simple.

Definition. A trivial (g,b)-tangle is a pair (H, 7), where H is a genus g handlebody and 7 C H is a collection
of b boundary-parallel embedded arcs.

Definition. A trivial (k, ¢)-disk tangle is a pair (W, D), where W is a genus k 1-handlebody and D C Wis a
collection of ¢ boundary-parallel disks.

Notice that the product of a trivial tangle (H, 7) with the interval [ is a trivial disk tangle, an indication
that our definition is a good one. We can now specify our expectations for how a trisection should divide a
surface £ C X.



Definition. Let K be a knotted surface in a closed 4-manifold X. A (g; k1, k2, ks; b; c1, ca, ¢3)-generalized bridge
trisection T of the pair (X, K) is a decomposition

(X,K) = (X1,D1) U (X2, D2) U (X3, D3),
where
1. X = X1 UXoU X3 isa (g; ki, ka2, k3 )-trisection;
2. each (X;, D;) is a trivial (k;, ¢;)-disk tangle;
3. each (H;,D;—1 N'D;41) is a trivial (g, b)-tangle;

We will typically assume a generalized bridge trisection to be balanced, meaning that & = k; and ¢ = ¢; for all
i, in which case T is a (g, k, b, ¢)-generalized bridge trisection. We call the union

(Hy,m1) U (H2,72) U (H3,73)
the spine of the generalized bridge trisection, where 7; = D;_; N D;4 for each 1.
Definition. Let 7 be a trisection of X given by X = X; U X3 U X3, and let K be a knotted surface in X. If
(X,K)=(X1,KNX1)U (X2, LN X2) U (X3, KN X3)
is a generalized bridge trisection then we say that K is in bridge position with respect to 7.

In [MZ17b] Meier and Zupan showed that all knotted surfaces in the 4-sphere S* can be isotoped into
bridge position with respect to any trisection of S. In [MZ17a] this result was extended to all closed
4-manifolds.

Theorem 2.1 ([MZ17a, Theorem 1.1]). Let X be a 4-manifold with trisection T. Any knotted surface K in X can be
isotoped into bridge position with respect to T .

Notice that the Euler characteristic of a surface /C is easy to read off from the complexity of a generalized
bridge trisection for /.

Lemma 2.2 ([MZ17a, Lemma 2.5]). Suppose that K C X is in bridge position with respect to a trisection T. Then
X(K)=¢1 +ca+c3—b.

Proof. If (X, ) is a (g; k1, k2, k3; b; ¢1, c2, c3)-generalized bridge trisection then the components of K induce a
cell decomposition with 2b O-cells, 3b 1-cells, and ¢; + c2 + c3 2-cells. O]

Now let £ C X be a knotted surface with n connected components. In light of the above lemma, we say
thata (g, k, b, n)-generalized bridge trisection for (X, K) is efficient with respect to the underlying trisection
T, because such a generalized bridge trisection minimizes b, assuming K and 7 are fixed. Also note that in
the case of a (g, k, b, c)-generalized bridge trisection the genus g and the Euler characteristic x (X ) determine
k, as we saw in Ikshu'’s talk. Lemma 2.2 tells us that the bridge number b determines ¢, so we may sometimes
call a balanced trisection a (g, b)-generalized bridge trisection.

Theorem 2.3 ([MZ17a, Theorem 1.2]). Let K C X be a not-necessarily-connected knotted surface. Then (X, K)
admits an efficient generalized bridge trisection with respect to some trisection of X.

So we have an existence statement for generalized bridge trisections, and even for efficient generalized
bridge trisections (though in the latter we don't get to specify 7). The uniqueness statement has not yet been
settled, but Meier and Zupan conjecture that, just as the uniqueness statement for trisections requires both
stabilization and destabilization, generalized bridge trisections will use both perturbation and unperturbation
moves. See [MZ17a].

Conjecture 2.4 ([IMZ17a, Conjecture 1.5]). Any two generalized bridge trisections for a pair (X, K) that induce
isotopic trisections of X can be made isotopic after a sequence of elementary perturbation and unperturbation moves.



Figure 4: Trisection diagrams for (CP?, CP'), (CP?,Cs), (52 x S2,52 x {*}), and (CP? RP?). Adapted from
[MZ17a] with permission.

2.3 Shadow diagrams

Recall that a trisection is determined by its spine; the same is true of a generalized bridge trisection. To see that
this is so one may first show that any unlink in the boundary of a 1-handlebody bounds a unique (up to isotopy
rel the unlink) collection of trivial disks in the 1-handlebody. Then from the spine (H1, 1) U (Hz, 72) U (Hs, 73)
of a generalized bridge trisection we may take pairs of tangles to produce unlinks in 9.X; and thus reproduce
the trivial disk systems.

Lemma 2.5 ([MZ17a, Corollary 2.4]). A generalized bridge trisection is uniquely determined by its spine.

The upshot of this lemma is a diagrammatic calculus for generalized bridge trisections. In particular, by
producing a two-dimensional visual representation of the spine — one that is not unlike a multi-pointed
Heegaard diagram — we in fact determine the generalized bridge trisection. We begin by defining curve-and-
arc systems.

Definition. Let (H,7) be a trivial tangle, so that each arc ; € 7 admits a bridge disk A; C H whose boundary
is the union of 7; and an arc 7; in 0H. We call the arc 7; a shadow or shadow arc for 7;. A curve-and-arc system
(o, a) determining (H, 7) is a collection of pairwise disjoint simple closed curves « and arcs a in H so that «
determines H and a is a collection of shadow arcs for 7.

Note that a pair of curve-and-arc systems on a closed surface ¥ provides the same data as a multi-pointed
Heegaard diagram, and thus determines a knot. By specifying a triple of such systems we determine a
surface.

Definition. A shadow diagram for a generalized bridge trisection 7 is a triple ((«, a), (8,b), (7, ¢)) of curve-
and-arc systems on a common surface ¥ determining the spine (Hy, ) U (Hz,72) U (Hs,73) of T.

Of course there are infinitely many different shadow diagrams for a given surface K C X and, continuing
our analogy with Heegaard diagrams, there are also moves which may transform one such diagram into
another. We won't discuss these moves here, but Meier and Zupan show that shadow diagrams are unique
up to such moves:

Proposition 2.6 ([MZ17a, Proposition 3.1]). Any two shadow diagrams for a fixed generalized bridge trisection are
related by a sequence of disk-slides within the respective curve-and-arc systems.

Example. Suppose K has a (g, k, 1, ¢)-bridge trisection, so that each of the trivial tangles in the spine has a
single boundary-parallel arc. In this case we may assume that the three arcs have the same endpoints and
simply mark these endpoints on the surface. The arc a is then the unique (up to isotopy and disk-slides)
arcin ¥ \ a connecting the two points, and likewise for b and c. So 1-bridge trisections admit doubly-pointed
trisection diagrams. In Figure 4 we have doubly-pointed trisection diagrams for (CP?, CP'), (CP?,C,), and
(8% x 52,52 x {x}).

When the bridge number b is greater than 1 we must specify the arcs in our curve-and-arc systems. The
final trisection diagram in Figure 4 corresponds to (CIP?, RP?), with the pink arks giving a, the light blue arcs
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Figure 5: Torus diagrams for (CP?, CP') and (CP?, C,), obtained from unfolding the diagrams seen in Figure
4.

giving b, and the light green arcs giving c¢. We will not attempt to justify this diagram here, but in [MZ17a,
Section 3.2] Meier and Zupan explain how to realize this diagram via a double branched cover.

Eventually we would like to discuss the Thom conjecture, which concerns surfaces in CP?%. We can draw
the genus 1 trisection of CP? as a fundamental square, affording us new figures for the shadow diagrams
(CP?,CP") and (CP?, Cy) considered above. These are torus diagrams for CP* and Cs in CP?, and can be seen
in Figure 5.

\

Figure 6: Hexagons in shadow diagrams can be resolved to triple intersections.

The bridge trisections we’ve given for (CP?, CP') and (CP?,C;) witness the d = 1 and d = 2 cases of the
following result?.

Theorem 2.7 ([LCM18, Theorem 1.3]). Let C4 denote the complex curve of degree d in CP?. The pair (CP?,¢Cy)
admitsa (1,1, (d — 1)(d — 2) + 1, 1)-generalized bridge trisection.

Because Cy is a closed surface of genus (d — 1)(d — 2)/2, Theorem 2.7 says that com}glex curves in CP?
admit efficient generalized bridge trisections with respect to the genus 1 trisection of CIP*.

A torus diagram that is not efficient, due to Peter Lambert-Cole, can be seen on the left side of Figure
7, and a justification for this diagram might be given in the next talk. In any case, we may modify this
shadow diagram to obtain an efficient generalized bridge trisection for (CP?,C3) with respect to the genus
1 trisection of CP?. In particular, consider the shaded hexagon in Figure 6, which we imagine is found in
a shadow diagram for some generalized bridge trisection. By pushing the rightmost red arc through the
central surface ¥ we obtain the second shape seen in Figure 6. We can think of this as attaching a band in the
blue-green handlebody. Next we push the topmost blue arc through > to obtain the third shape, and finally
push the lower of the remaining green arcs through ¥. We may then isotope the fourth shape so that the

2This result was announced in [MZ17a] and a proof was provided in [LCM18] a few weeks after this talk. Also see the appendix of
these notes.
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Figure 7: Two shadow diagrams for (CP?,C3). On the left is a diagram for a (1,0, 9, 3)-generalized bridge
splitting, and on the rightis a (1,0, 3,1) (efficient) shadow diagram.

three remaining arcs intersect in a common point. By applying this move to two of the hexagons in Figure 7
we obtain an efficient shadow diagram for (CP?,C3).

3 The Thom conjecture for surfaces in transverse bridge position

This talk was based on the first three sections of [LC18], and was given by Dave Boozer. The goal was to
prove the Thom conjecture for surfaces K C CP? that are in geometrically transverse bridge position — a notion
defined by Lambert-Cole in [LC18] — leaving the more general Thom conjecture for the final talk in the
series.

3.1 Introduction

Consider the smooth algebraic curve of degree d
Ca={[21: 22 1 23] 22f+2§l+z§l:0} c CP2.

The genus of this curve is given by g = (d — 1)(d — 2)/2, and it has long been conjectured that C, is genus-
minimizing among all smooth 2-manifolds in CP? representing the same homology class. In 1994 Kronheimer
and Mrowka raised this conjecture’s status to theorem.

Theorem 0.1 ([KM94]). Let K be a smoothly embedded, oriented, connected surface in CP? of positive degree d. Then
9(K) = (d =1)(d —2)/2.

Note. We compute the degree of K as its algebraic intersection number with any hyperplane of CP?, so the
degree gives the homology class of K: d = [K] € Hy(CP?* Z) = Z. So indeed Theorem 0.1 says that C, is
genus-minimizing among surfaces in its homology class.

The proof provided by Kronheimer and Mrowka uses Seiberg-Witten theory, and later proofs were found
using Heegaard-Floer homology. In July of this year Peter Lambert-Cole posted [LC18], which uses the
theory of trisections to reduce the Thom conjecture to a result of contact geometry known as the Bennequin
inequality (at least in the case of geometrically transverse surfaces). This is the first proof of the Thom
conjecture that does not make use of gauge theory or pseudoholomorphic curves.

3.2 Transverse bridge position in CP*

The notion of geometric transversality will be defined in terms of the (1,0)-trisection of CP? that we’ve seen
in the last two talks. For the sake of establishing notation we review that trisection here. With homogeneous
coordinates [z : zo : 23] on CP? we let

Xq; = {[Zl P29 23] : |Zi—1‘7 ‘Zi+1| < I,ZZ‘ = 1} ~ D2 X D2 ~ B4



fori=1,2,3. We then set
Hz‘ = {[Zl 129t 23} L 21 = ‘Zi+1| = 17|Zz| < ].} ~ D2 X Sl

and notice that
Yi = 8XZ = Hi—l U *Hi+1 >~ Sj,

so that CP? = X 1 U X3 U X3 is a genus-1 trisection for CP2. The central surface of this trisection is given by

Z:mXZ:mHZ :{[21222123] N |Zl| = |22‘ = ‘2’3| = ].}

By normalizing the last coordinate we can write
Y= {[e:e? 1]} ~T?,

and throughout the rest of the talk we will assume that ¥ is identified with 7 in this way. Notice that the
meridians m; and ms of H; and H, are given by {[e’® : 1: 1]} and {[1 : €'/ : 1]}, respectively. The meridian
mg of Hy is given by {[e™" : 7 : 1]}, s0 [m3] = —[m1] — [m2]. We also set

Bi={[z1:22: 23]t zic1 = |zip1| = 1,2: =0} C H;

and call this the core of H;, for each i. Without warning we may also slip into the notation o = my, 8 = ma,
Y = ms.

Given K C CP? we notice that the algebraic intersection number [K] - [X] vanishes, since [¥] is trivial in
H,(CP? Z). Assuming that K is transverse to ¥ this means that K and ¥ have an even number of intersection
points, so we let b = | N X|/2 and call b the bridge index of K. We call the intersection points K N X the bridge
points, and we say that KC is in bridge position if for each ¢

1. the intersection K N X; consists of ¢; disks D? which can be simultaneously isotoped onto 9.X;;
2. the intersection K; := K NY] is a ¢;-component unlink;
3. the intersection 7; := K N H; consists of b arcs which can be simultaneously isotoped onto 0 H;.

Notice that if K is in bridge position then we have a triangulation of K with 2b 0-cells, 3b 1-cells, and ¢; +c2 +¢3
2-cells, so x(K) = ¢1 + ¢o + ¢c3 — b.

For today’s talk we will further demand that K C CP? be in geometrically transverse bridge position. Each
tangle 7; is contained in a solid torus H;, and we say that K is in transverse bridge position if K is in bridge
position and 7; is transverse to all of the meridian disks of [;. We can think of this as requiring that 7; not
backtrack (with respect to B;) in H;.

We will also assume, perhaps after slightly perturbing K, that 7; does not intersect the core B;. This will
allow us to radially project 7; onto X to obtain the shadow 7;. Of course this shadow will then depend on the
position of 7; with respect to B;.

Examples.
1. Consider the null-homologous sphere
Srz{[1+x:1+y:eiz];x2+y2+22:r2}252

in CP?. In the interest of identifying the bridge points S, N ¥ we normalize the last component and
write , _
Sy={le(Q+z):e*(1+y):1]: 2% +y* + 27}

10



Figure 8: The surface ¥, with it the bridge points S, N ¥ and CP' N ¥ marked.

At the bridge points we will have |¢**(1 + z)| = 1, meaning that |1 + x| = 1. Because z is real this will
only be possible if ¢ = 0, provided r is sufficiently small (say, r < 2). We similarly find that y = 0 at any
bridge point, and thus conclude that z = £r. So the bridge points are given by

S, NY={le":e" 1], [e7" e 1]}

These bridge points are seen in Figure 8. Note that o = 8 for both points. We also notice that S, is not
in transverse bridge position, and indeed no null-homologous sphere in CP? can be put into transverse
bridge position®.

2. Consider the degree 1 algebraic surface
61:{[21 222123] 121+22+23:0}:CP1252.

After normalizing we have
Ci={[z1:22:1]: 21 + 22 = =1},

so we again find two bridge points:
Ny = {[627ri/3 : e47ri/3 . 1]’ [64772'/3 . e27ri/3 . 1]}

We can then identify the tangles 71, 72, and 73 and obtain their shadows on X by radial projection. The
resulting torus diagram is seen in Figure 5, while in Figure 8 we show only the bridge points.

We want to add a piece of data to our shadow diagrams that wasn’t present in the last talk; namely, we
want to determine the crossing data of intersections between shadows. We let 7; be the radial projection
of 7; onto X for each 7 and recall that ¥ produces a Heegaard decomposition Y; = H;_1 U —H, 1. We view
¥ with —H;4, in the foreground and with H;_; behind ¥, so when we project the tangles to ¥ we will
see that 7,11 goes over 7;_; whenever these shadows intersect. Whenever 7;_; has a self-intersection, the
strand that is nearer X will pass over the further strand, since H;_; lives behind X. At the same time, the
self-intersections of 7;,1 will see the strand further from X pass over the nearer strand. Notice that 7;_;
is also contained in Y1, and that its crossings will be reversed when we view ¥ as a Heegaard surface for Y; ;1.

Now consider a shadow K; of the knot K;, using the projection Y; — (B;_1 U B; 1) — . With the crossing

data determined, we can now compute the writhe w;(K;) as usual, as the signed count of crossings.

An important observation here is that by passing the tangle 7; through the core B; (that is, we isotope
K so that 7; wraps around B; a different number of times) we can simultaneously change the homology
class [K;] € H1(%;Z) = Z? and the writhe w;(K;), trading these quantities for each other. Specifically, if
[K;] = p[mi] + g[mis1] then the surface framing on K; induced by K; is w;(K;) + pq.

3This latter statement follows from today’s result. Indeed, today we're going to show that if C C CP? can be put into transverse
bridge position then x(K) < 3d — d?2. But for a null-homologous sphere we have x(K) = 2 and d = 0, violating this inequality. Notice
that the Thom conjecture assumes d > 0.
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3.3 A contact inequality

The contribution of [LC18] is the reduction of the Thom conjecture to the ribbon-Bennequin inequality. This is
a generalization of the following fundamental result of contact geometry*.

Theorem 3.1 (Bennequin inequality [Ben83],[Eli92]). Let L be a transverse link in (S3, Es1q) and let 31, be a Seifert
surface for L. Then sl(L) < —x(Zp).

A noteworthy generalization of this inequality is the slice-Bennequin inequality, which considers surfaces
in B* bounding braids in S® and provides an upper bound for their Euler characteristics in terms of the fixed
braid. This result was first established by Rudolph in [Rud93] and implies the ribbon-Bennequin inequality:

Theorem 3.2 (Ribbon-Bennequin inequality). Let L be a transverse link in (53, &sta) and let F be a ribbon surface
bounded by L. Then sl(L) < —x(F).

Unlike the classical Bennequin inequality, neither slice-Bennequin nor ribbon-Bennequin currently admits
a proof via standard contact-topological techniques. However, Rasmussen ([Ras10]) gives a combinatorial
proof of slice-Bennequin using Khovanov homology, and therefore avoids gauge theory.

Note that if L is a transverse unlink with ¢ components then 3 consists of ¢ disjoint disks and the
Bennequin inequality tells us that s{(L) < —c. This is the only case we will need today. Indeed, we will use
information encoded in the shadow diagram to show that

d? —3d —b=sl(K1) + sl(K2) + sl(K3). (1)
If we assume that each K; is a transverse link in Y; = S then the Bennequin inequality turns this into
d*>—3d—b< —(c; +co+c3)=—x(K) —b,

so x(K) < 3d — d?, proving Theorem 0.1. The remainder of the talk will be devoted to establishing the
equality (1).

3.4 Proof

The first trick is to put a contact structure on each of the spheres Y; ~ S° that agrees with the standard
contact structure on S. We won't say exactly how this is done, but will point out that it’s not done directly.
Namely, Lambert-Cole produces a sequence of Stein domains X i, v contained in the interior of X; with the
property that for large enough N, 8)?1-, ~n = 8% is C%close to Y; and the field of complex tangencies on this
boundary is the standard tight contact structure. For the sake of exposition we’ll just pretend that (Y;,&;) is
contactomorphic to (52, &sta).

Proposition 3.3. Let L C (V;,&;) be a transverse link disjoint from the Hopf link B;_1 U —B;11. Let L be the

projection of L onto 3, w(L) its writhe, and assume that [L] = p[m;_1] + q[mi4+1]. Then
si(L) =w(L)+pg—p—q )
gives the self-linking number of L.

Proof. We'll sketch the proof. Let X be a vector field on Y; that is transverse to 3 and vanishes near the Hopf
link B;_1 U —B;1. This vector field determines a framed pushoff L’ of L, and we can use this pushoff to
compute the self-linking number of L. But the linking number k(L, L") will over-count the self-linking based
on the way that L links with the cores B;_1, —B; 1. Specifically,

SZ(Z) = lk(fa L/) - lk(fv Bi—l) - lk(z7 Bi-‘rl) = lk(fa L/) —P—q.

Because L' is transverse to %, the linking number [k(L, L) gives the surface framing of L, and we noticed

above that this is w;(L) + pg. Making this substitution produces the desired equality. O

4The result we state was proven by Bennequin in [Ben83] before the dichotomy between tight and overtwisted contact structures had
been established. In [Eli92] Eliashberg proved that the Bennequin inequality holds for all tight contact manifolds (M, £), and in fact this
inequality is equivalent to tightness.
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An important part in the proof we're presenting today is our ability to relate the homology classes [K;] to

the degree d of our knotted surface. In [LC18], the following result follows from some degree calculations®.

Lemma 3.4 ([LC18, Corollary 2.2]). Let (CPP?, K) be a knotted surface of degree d in bridge position, and let K ; be
the shadow of the link K; for each i. Then there are integers p, q, r such that

[K1]=p-[a]+(d—q)-[A]
(Kol =q-[B]+ (d—71)-[1]
[Ks]=7-[y]+(d—p)-[o]

in Hy(S; 7).

If we make the assumption that each link Kj is transverse in Y; (this is no trivial assumption), then (2)
tells us that

Summing these yields
sl(K1) + sl(K2) + sl(K3) = wi (K1) + wa(K2) + w3 (Ks) +d(p+q+r—3) = (pg+qr+rp),  (3)

so we turn our attention to computing w (K1) +ws(K2) + w3 (K 3). For this we note the algebraic intersection
numbers

(o, [8) =1, (la],W]) = -1, and ([f],["]) =1,

([K1], [K3]) = (plo] + (d — q)[B],alB] + (d — 1) [3])
=pqg—pld—r)+(d—q)(d—r)=d* —d(p+q+r)+ (pg+ qr +1p).

On the other hand, since K; = 71 — 72 and K3 = 7 — 73, we can compute the algebraic intersection number
([K1], [K2]) as a signed count of 71 /T2 intersections, 75 /75 intersections, and 73 /71 intersections. That is, we

can compute this intersection number as the sum of the writhes w;(X;). So
w1 (K1) + wa(K2) + ws(Ks) = d* —d(p+ q+7r) + (pg + qr + rp).
Substituting this into (3) yields (1), proving Theorem 0.1.

4 Algebraic transversality and the Thom conjecture

The final talk in the series was given by Mike Miller and was based on the second half of [LC18]. Its goal was
to prove the Thom conjecture in the same spirit as last week’s proof, but without the hypothesis of geometric
transversality.

4,1 Introduction

Last week Dave showed us that the Thom conjecture holds for any surface K C CP? in geometrically transverse
bridge position by using the tangles of a bridge trisection of K to produce transverse links in (53, £4) and
then applying the ribbon-Bennequin inequality. An ideal goal for this talk would then be to show that
every surface can be isotoped into geometrically transverse bridge position, but we will see that this is not
true. Instead, we will relax the condition of geometric transversality to that of algebraic transversality and
then attempt to emulate the proof given by Dave last week. We will again reduce the Thom conjecture to a
ribbon-Bennequin inequality, though the failure of geometric transversality will cause the relevant links to
live in #5(S! x 52, &4q) rather than (S3, &yq).

5From this result it’s easy to come up with an algorithm that produces a torus diagram for a surface of degree d in CP? with bridge
index d? that contains lots of hexagons. See the appendix.
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Figure 9: On the left, a foliation of H; by holomorphic disks. On the right, a relative open book decomposition
of H;. These correspond to two notions of positivity for tangles in H.

4.2 Algebraic transversality

Throughout this section we take (CP?, K) to be in general position with respect to the (1,0)-trisection of CP*.
We denote the handlebodies of this trisection by H; and use 7;, K; for the tangles and knots determined by
K. Each H; is a solid torus and thus admits polar coordinates (7,11, 6;,8;1+1), and we choose these so that
ker(df;+1) determines a foliation of H; by disks {*} x D?. The notion of geometric transversality discussed
last week requires that the tangle 7; C H) be transverse to these disks, which can be thought of as prohibiting
backtracking with respect to the S*-component of H; = S! x D?. This week we'll relax this condition so that
arcs in 7; are allowed to backtrack, so long as there is net positive movement in the S*-direction.

Definition. A surface (CP?, K) is algebraically transverse if for each arc 7; ; in 7; we have

/ dfiy1 >0,

3

for each s.

Any surface in algebraically transverse bridge position can be put into geometrically transverse position
with regular homotopies, but we’ll see that this cannot be done by isotopy. While algebraic transversality is
perhaps less desirable than geometric transversality, it has the helpful feature of being attainable.

Proposition 4.1 ([LC18, Proposition 4.4]). Let (CP?, K) be an embedded, oriented, connected surface of positive
degree. Then IC can be isotoped into algebraically transverse bridge position.

So the surfaces of interest to us can be assumed to be algebraically transverse, but not geometrically so. It
would therefore be helpful to identify any obstructions to isotoping a surface from algebraically transverse
bridge position into geometrically transverse bridge position. A description of the obstruction will require
the notion of braided tangles in the handlebodies H;.

Definition. We will say that a tangle 7 C H; is braided if the tangle is everywhere positively transverse to
the pages F; g := {0; = 0} of the relative open book decomposition depicted in Figure 9. In particular, 7 is
disjoint from the binding B; = {r;4+1 = 0}.

As is the case with knots, any tangle can be isotoped into a braid, and the proof is essentially the same as
that of Alexander’s theorem.

Proposition 4.2 ([LC18, Proposition 4.5]). Let 7 C H; be a tangle. There is an isotopy after which T will be braided.

So we may assume that any tangle 7 C H; of interest to us both braided and algebraically transverse,
and we’d like to know whether this tangle can be made geometrically transverse. Lambert-Cole constructs a
tangle for which the answer to this question is no. This tangle is relatively simple, and we will also see that it
is the primary obstacle to geometric transversality.
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Figure 10: A simple clasp.

Definition. A simple clasp is a tangle 7 = {7y, 2} in H; and a disk W C H; such that
1. 7 is algebraically transverse and braided, and 7; is geometrically transverse;
2. W intersects 7; transversely in one point;

3. OW = v, U Ty, where 7; is a connected subarc of 7 and v, is geometrically transverse.

The notion that simple clasps are the only obstructions to geometric transversality can be made precise.

Proposition 4.3 ([LC18, Proposition 4.8]). Let T be an algebraically transverse, braided tangle in H,. After a sequence
of isotopies and bridge stabilizations we may assume that each arc of T is either geometrically transverse and braided or
one of two arcs in a simple clasp.

From Figure 10 it is clear that a simple clasp is regular homotopic to a pair of arcs 7; and (72 — 72) U 5.
For each i we let L; denote the geometrically transverse link obtained by homotoping each simple clasp of K
in this way.

4.3 Proof sketch

This final proof of the Thom conjecture will require the ribbon-Bennequin inequality for transverse links in
the contact manifold® #(S* x 52, &1q). We obtain this inequality by moving our problems back to (53, £54a).

Lemma 4.4 ([LC18, Lemma 5.2]). Let L C #*(S' x S2,&q) be a transverse link and let F be a ribbon surface
bounded by L. There is a transverse link L' C (S, &stq) that bounds a ribbon surface F' with sl(L') = sl(L) and

X(F') = x(F).

The idea for proving Lemma 4.4 is this: if we perform Legendrian surgery on #(S! x S?, £54) along a
k-component Legendrian unlink U whose i*"* component is smoothly isotopic to the i‘" factor of S* x {x}
then we obtain (S, &,.4). By isotoping U and invoking the Legendrian realization principle we may further
demand that U be disjoint from F and then let L', F’ be the images of L, F' in (53, &) after Legendrian
surgery. We may then check that the self-linking number and Euler characteristic have not changed. An

immediate corollary is that the ribbon-Bennequin inequality holds for #(S* x S2, &4).

Corollary 4.5 ([LC18, Theorem 5.3]). Let L C #*(S* x S?,&414) be a transverse link and let F be a ribbon surface
bounded by L. Then sl(L) < —x(F).

Now consider the links K := K; U Ko U K3 and L := L, U Ly U L3. While L is geometrically transverse,
it is not clear that either of these links is ribbon. We will fix this with some surgery and banding. Recall from
last week that each Y; = H;_1 U —H, 1 has been given a contact structure ;. We set

(Y, €) := (Y1,61) U (Y, 82) U (Y3, &3),

so that if there are a total of » simple clasps in H; U H, Ul Hs then there are 2n simple clasps in Y. Now for
each of the simple clasps in H; we choose a point 2 € H; in a tubular neighborhood of the disk of the clasp,

%We put the k in the subscript of the connect sum to indicate that this is a contact connected sum.
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Figure 11: Bands which we attach to a simple clasp and its mirror. The result is a four-component tangle.
Adapted from [LC18] with permission.

and we let Z € —H; be the corresponding point in the mirror. Finally we perform surgery on Y along each of
the 0-spheres {z U Z} to obtain the contact manifold (Y, €).

Finally we return to the links K, L. Near each simple clasp 7 C H; of K we may attach two bands running
across the 2-sphere resulting from {z U T} and connecting 7 to its mirror in —H;. The result of band surgery
on 7 is a 4-component tangle, and we attach similar bands to the link L that is regular homotopic to K.
See Figure 4.6. We denote by K and L the links that result from resolving the 2n bands we have described.
Lambert-Cole shows that these are the links we’d hoped for, with K being ribbon. Moreover, Lambert-Cole
specifies the Euler characteristic of a ribbon surface for K and the self-linking number of L.

Proposition 4.6 (([LC18, Propositions 6.3 and 6.4]). Let K, L be the links obtained from K and L by band attachment.
Then K and L are isotopic and

1. The link K bounds a ribbon surface F with x(F) = ¢1 + c2 + ¢35 — 2n.
2. The link L admits a transverse representative with self-linking number sl(L) = d*> — 3d — b + 2n.

The Thom conjecture will now follow from a simple calculation. Consider an embedded, oriented,
connected surface K € CP? of degree d > 0. Up to isotopy, K will be in (1,0; b, ¢1, ¢z, c3) bridge position. We
may further assume that /C is in algebraically transverse bridge position, with n simple clasps. Proposition
4.6 uses K and its simple clasps to produce a transverse link Lin #1, (St x 52, &51q) with self-linking number

SI(L) =d* —3d—b+2n

which bounds a ribbon surface F' with Euler characteristic ¢; + ¢z + ¢3 — 2n. The ribbon-Bennequin inequality
for #4 (St x 52, &444) then takes the form

d* —3d—b+2n<2n—(c; +co+c3).
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Figure 12: Torus diagrams for curves in CP?.

That is, d> — 3d < b — (c1 + ¢ + ¢3). From Lemma 2.2 we recall that x(K) = ¢; + ¢2 + ¢3 — b, so in fact
X(K) < 3d — d?, as desired.

Appendix A Torus diagrams for surfaces of fixed degree

In this appendix we want to deduce from Lemma 3.4 a simple algorithm for producing a torus diagram for
a surface K of degree d in CP?. Following the preparation of this section, a much better exposition of this
algorithm was provided by Lambert-Cole and Meier in [LCM18, Section 4.3].

In a way we’ll be using Lemma 3.4 backwards. We will present a torus diagram (72, (o, a), (3,b), (7,¢)),
where (T2, o, 3,7) is the (1, 0)-trisection diagram for CP?, which satisfies the equations

bUc=0-[a]+d-[F]
[cUa]=0-[8]+d-[v]
[aUd]=0-[y]+d-[a]

in H,(T?;Z). Lemma 3.4 then tells us that the surface ¢ CP* must be of degree d.

The algorithm for producing (72, (o, a), (3,b), (7, ¢)) is quite simple. We first depict 7% as a quotient of
[0,1] x [0, 1] in the usual way, with « vertical, 5 horizontal, and ~ diagonal. With d fixed we then add a d x d
grid of pairs of bridge points. Each pair is arranged along a positive-slope diagonal, with d rows of pairs and
d columns of pairs. In particular, we may write

. 34+6i+ (—1)% 3+6i+ (-1)"
koo 6d ’ 6d

for1 <i,j < dand k = 0, 1. Then for each choice of i, j, p;” is connected to p|’ by an arc from b, connected
to p7’ ™! by an arc from a, and connected to pi*"/ by an arc from ¢. The d = 4 and d = 8 cases (with arc
systems) can be seen in Figure 12. Each of the arc systems consists of d? arcs, with b connecting the points in
each of the pairs we have produced. Each of the d columns of bridge points has its adjacent pairs connected

by arcs in @, and each of the d rows has its adjacent pairs connected by arcs in c.

Now consider the homology class [b U ¢]. The link b U ¢ has d components, each of which is itself homolo-
gous to 5. So [bU ] = d[f], as desired. Similarly, ¢ U a and @ U b have d components, homologous to v and
a, respectively, so we have the desired homology relations. So the knotted surface associated to our torus
diagram has degree d.

Notice that this torus diagram will typically be (very) inefficient. An efficient bridge trisection of C4 will
have bridge number (d — 1)(d — 2) + 1, while ours has bridge number d?. However, our torus diagram also
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has lots of hexagons, giving us an opportunity to apply the simplification technique depicted in Figure 6.
Specifically, each hexagon that we simplify in our torus diagram will remove 6 bridge points, decreasing our
bridge number by 3. In the torus diagram produced by our algorithm we see d — 1 pairwise disjoint hexagons
along the positive-slope diagonal. Simplifying these will give us a bridge trisection of K with respect to the
(1, 0)-trisection of CPP* that has bridge number

d>—=3(d—1)=(d—1)(d—2)+ 1,

as desired.
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